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Abstract 

Let K he a, finitely generated extension of Q. We consider tiie family of ^-adic 
representations {£ varies through the set of all prime numbers) of the absolute Galois 
group of K, attached to ^-adic cohomology of a separated scheme of finite type over 
K. We prove that the fields cut out from the algebraic closure of K by the kernels 
of the representations of the family are linearly disjoint over a finite extension of K. 
This gives a positive answer to a question of Serre. 



1 Introduction 



Let r be a profinite group and {Ti)i^i a family of groups. For every i let : T — > Ti be 
a homomorphism. Following Serre (cf. |151 p. 1]), we shall say that the family {pi)iei is 
independent, provided the homomorphism 



induced by the pi is surjective. Let F' C F be a closed subgroup. We call the family {pi)iei 
independent over F', if p(F') = Yii^i Pi(^')- Finally we call the family {pi)i^i almost 
independent, if there exists an open subgroup F' C F, such that (pi)iizi is independent 
over F'. Of particular interest is the special case where F = Gal^c is the absolute Galois 
group of a field K, and (pf)fgL is a family of €-adic representations of Galif , indexed by 
the set L of all prime numbers. 

Important examples of such families of representations arise as follows: Let if be a field 
of characteristic zero and let X/K be a separated if-scheme of finite type. Denote by K 
an algebraic closure of K . For every ^ G L and every (j > we consider the representation 
of the absolute Galois group Gd\{K/K) 

pf^: G&\{k/K) ^AutQ,(H9(X^,Q,)) 
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afforded by the etale cohomology group ll''{X^,Qe), and also the representation 
p'i.^y. Ge.\{K/K) AutQ, (H«(X^, Q,)) 

afforded by the etale cohomology group with compact support H^(X^,Q£). One can 

wonder in which circumstances the families (p^*]^)£gL and (p^^'^x c)^£L almost indepen- 
dent. 

In the recent paper [IS] Serre considered the special case where K is a. number field. 
He proved a general independence criterion for certain families of £-adic representations 
over a number field (cf. [121 Section 2, Theorem 1]), and used this criterion together with 
results of Katz-Laumon and of Berthelot (cf. [8]) in order to prove the following Theorem 
(cf. [m Section 3]). 

Let K be a number field and X/K a separated scheme of finite type. Then the families 
of representations (p£^x)£eL and {p'fx^)ii^i^ are almost independent. 

The special case of an abelian variety X over a number field K had been dealt with earlier 
in a letter from Serre to Ribet (cf. [HI)- In [El P- 4] Serre asks the following question. 

Does this theorem remain true, if one replaces the number field K by a finitely generated 
transcendental extension KofQ? 

This kind of problem also shows up in Serre's article [TBI 10.1] and in lUusie's manuscript 
[5]. The aim of our paper is to answer this question affirmatively. In order to do this 
we prove an independence criterion for families of i'-adic representations of the etale 
fundamental group 7ri(5) of a normal Q- variety S (cf. Theorem l3.4l below') . This criterion 
allows us to reduce the proof of the following Theorem 11.11 to the number field case, 
where it is known to hold true thanks to the theorem of Serre (cf. |15) ) mentioned 
above. We do take Tate twists into account. For every £ e L we denote by e^: Gal^ — 
Aut(ij^(( ^m ii£i) Qe) C the cyclotomic character, by ef~^ its contragredient and 

iGN 

define for every d £ Z 

P^e%id) ® er and p[%^M) ■= pi%,c ^ ^T- 

Theorem 1.1 Let K be a finitely generated extension of Q. Let X/K be a separated 
scheme of finite type. Then for every q £ N and every d £ "L the families (p^'^j^ ((i))fgL 
and (Pf'x c('^))^eL of representations of GslIk are almost independent. 

Note that outside certain special cases it is not known whether the representations occur- 
ing in Theorem 11.11 are semisimple. Hence we cannot use techniques like the semisimple 
approximation of monodromy groups in the proof of Theorem 11.11 

Theorem 11.11 has an important consequence for the arithmetic of abelian varieties. Let 
A/K be an abelian variety. For every £ e L consider the Tate module T£{A) :— 
l^A{K)[t], define Vi{A) := Te{A) and let 

i 

ili^A- G&\{k/K) ^ AutQ,(F,(^)) 
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be the £-adic representation attached to A. Then the [Gal/fJ-modules Vi{A) and 
iP- {A"^ , Qi{l)) are isomorphic, i.e. the representation tji^a is isomorphic to p^.yiv(l). 
Hence Theorem 11.11 imphes that the family {'>]i^A)ieh is almost independent. Denote by 
K{A[£°°]) the fixed field in K of the kernel of r]e,,A- Then K{A[i°°]) is the field obtained 
from K by adjoining the coordinates of the £-power division points in A{K). Using 
Remark |3. II below we see that Theorem 1 1.1 1 has the following Corollary. 

Corollary 1.2 Let K be a finitely generated extension o/Q and A/K an ahelian variety. 
Then there is a finite extension E / K such that the family {E K {A[^°°\)) i^^i^ is linearly 
disjoint over E. 

This paper carries an appendix with a more elementary proof of this Corollary, which is 
based on our Theorem 13.41 below, but avoiding use of etale cohomology. 

Notation and Preliminaries 

For a field K fix an algebraic closure K and denote by G&Xk the absolute Galois group 
of K . We denote by L the set of all prime numbers. 

Let S' be a scheme and s e S* a point (in the underlying topological space). Then fc(s) 
denotes the residue field at s. A geometric point of S* is a morphism s: Spec(r2) — 5* 
where Q, is an algebraically closed field. To give such a geometric point s is equivalent to 
giving a pair (s,i) consisting of a usual point s £ 5 and an embedding i: k{s) — >■ fl. We 
then let fc(s) be the algebraic closure of i{k{s)) in fl. Now assume S is an integral scheme 
and let K be its function field. Then we view S as equipped with the geometric generic 
point Sj>ec{K) — ^ S and denote by 7ri(5') the etale fundamental group of S with respect 
to this geometric point. A variety S over a field F is an integral separated F-scheme of 
finite type. 

Now let S be a connected normal scheme with function field K . Assume for simplicity 
that chaT{K) = 0. If E/K is a an algebraic field extension, then S*^^-* denotes the 
normalization of 5 in i? (cf. [H 6.3]). This notation is used throughout this manuscript. 
The canonical morphism S''-^^ 5 is universally closed and surjective. (This follows 
from the going-up theorem, cf. [U 6.1.10].) If E/K is a finite extension, then 5''^^^ S 
is a finite morphism (cf. [9j Proposition 1. 1.1]). We shall say that an algebraic extension 
E/K is unramified along S, provided the morphism S*'^ ' 5* is etale for every finite 
extension E' /K contained in E. We denote by Ks.nr the maximal extension of K inside 
K which is unramified along S, and by S^t the normalization of 5* in -fCs.m - One can 
then identify 7ri(5) with Gal{Ks,nr/ K). Let E/K be a Galois extension. If P G 5 is a 
closed point and P is a point in S'(^) above P, then we define De/k{P) C Ga\{E/K) to 
be the decomposition group of P, i.e. the stabilizer of P under the action of Gal{E / K) . 
Then k{P)/k{P) is Galois and the restriction map 

De/k{P) Gal(fc(P)/fc(P)) 

is an epimorphism. To see this apply [HI Proposition 1.1, p. 106] for the case [E : K] < oo 
and use a limit argument. If E/K is unramified along S*, then r^,^ p is bijective. 
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Let Q/S be a finite etale group scheme and choose a closed point P G ^nr- Then there 
is a finite extension E/K in Ks^m such that Q Xs S^^^ is a constant group scheme over 
S^^\ In particular, the action of Gal/^ on g{K) factors through Gal{Ks,nr/K), and the 
canonical evaluation maps 

g{S^E)^ ^g{E)=g{K) and g(fc(P)) 

are bijective. The composite isomorphism 

spgp: g{K)^g{k{p)) 

is called the co specialization map. This map is equivariant in the sense that spg p{a{x)) — 
rE/K,pi<^)isPg p{x)) for all x G g{E) and all a G De/k{P)- 

2 Finiteness properties of Jordan extensions 

Let E/K be an algebraic field extension and d G N. We will say that E/K is d-flat, if E is 
a compositum of (finitely or infinitely many) Galois extensions of K , each of degree < d. 
In particular every c?-flat extension is Galois. We call the extension E/K d- Jordanian^ 
if E/K is a (possibly infinite) abelian extension of a d-fiat extension. The 1- Jordanian 
extensions of K are hence just the abelian extensions of K . If K is a number field and 
E/K is a d- Jordanian extension of K which is everywhere unramified, then E/K is finite. 
This has been shown by Serre in [TSl Theoreme 2] , making use of the Hermite-Minkowski 
theorem and the finiteness of the Hilbert class field. The aim of this section is to derive 
a similar finiteness property for d- Jordanian extensions of function fields over Q. In 
Lemmata l2.5l[^751 and l2.7l we follow closely the paper [TU] of Katz and Lang on geometric 
class field theory, giving complete details for the convenience of the reader. 

If E is any extension field of Q, then we denote by the algebraic closure of Q in E^ 

Ke {x & E : X is algebraic over Q}, 

and we call ke the constant field of E. 

Remark 2.1 Let K be a finitely generated extension of Q. Let E/K be an algebraic 
extension. Then there is a diagram of fields: 

E QE 



KE keK QK 



The field kk is a number field and ke/kk is an algebraic extension. We say that E/K 
is a constant field extension, if keK = E. If E/K is Galois, then ke/kk, keK/K and 
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QE/QK are Galois as well, and the restriction maps Gal{QE/QK) Gal{E/ keK) and 
Ga\{KEK/ K) — > Gal{KE / kk) are both bijective. 

The aim of this section is to prove the fohowing Proposition. 

Proposition 2.2 Let S/Q be a normal variety with function field K. Let d G N. Let 

E / K be a d-Jordanian extension which is unramified along S. Then E/keK is a finite 
extension. 

Note that in the situation of Proposition 12.21 the extension ke/kk rnay well be infinite 
algebraic. The proof occupies the rest of this section. 

Lemma 2.3 Let 5/Q be a normal variety with function field K . Let d G N. Let E / K be 
a d-flat extension which is unramified along S. Then E/keK is finite and Gal{KE/ /"^k) 
is a (possibly infinite) group of exponent < d. 

Proof. There is a sequence {Kiji^j of intermediate fields of E/K such that each Ki/K 
is Galois with [Ki : K] < d and E = Wn^iKt. Hence Gb1{E / K) is a closed subgroup 
of Y\^^jGsi\{Ki/ K). By Remark 12.11 G&Mkp.I kj^) is a quotient of Ga\{E/K)^ hence 
Gs\{ke / kk) has exponent < d. Again by Remark 12.11 it is now enough to show that 
QE/qK is finite. The Galois group Gal(Q£:/Qi^) is a quotient of tti{S^), and Tri{S^) 
is topologically finitely generated (cf. [7, II. 2. 3.1]). Hence there are only finitely many 
intermediate fields L of ^E/^K with [L : QX] < d (cf. P 16.10.2]). This implies that 
^E/qK is finite. □ 

Lemma 2.4 Let K be a finitely generated extension of Q. Let E/K be a (possibly infi- 
nite) Galois extension. Assume thatG&\{E/K) has finite exponent. Let X = (Xi, • • • ,X„) 
be a transcendence base of K/Q and R the integral closure ofl\X\ in E. 

a) The residue field k(m) — R/m is finite for every maximal ideal m of R. 

b ) For every non-zero element f (z R. there exist two maximal ideals mi and m2 of R 
such that / ^ mi and / ^ m2 and char(A;(mi)) ^ char(A;(m2)). 

Proof. Let R' be the integral closure of Z[X] in K. Let m be a maximal ideal of R. 
Define m' :— mD R' and p = m n Z[X]. There are diagrams of fields and residue fields 

Q{X) K E and fc(p) fc(m') k{m). 

By the going-up theorem p is a maximal ideal of Z[X], and fc(p) = Z[X]/p is a finite field. 
Furthermore R' is a finitely generated Z[X]-module (cf. Prop. 1. 1.1]). This implies 
that k{m') is a finite field. The extension k{m) / k{m') is Galois and the Galois group 
G :— Gal(fc(m)/fc(m')) is a subquotient of Ga\{E/K). Hence G is of finite exponent. On 
the other hand G must be procyclic, because it is a quotient of the Galois group Z of the 
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finite field fc(m'). It follows that G is finite and that fc(m) is a finite field. This finishes 
the proof of part a) . 

Now let / e i? be a nonzero element. The canonical morphismp : Spec(i?) Spec(Z[X]) 
is closed (cf. [H 6.1.10]), hence p{V{f)) is a closed subset of Spec(Z[X]). It is also a 
proper subset of Spec(Z[X]). It follows that there is a non-zero polynomial g £ Z[X] 
such that D{g) r\p{V{f)) = 0. Choose a G Z" with g{a) ^ 0. Then choose distinct 
prime numbers pi ^ p2 not dividing g{a). For i G {1,2} consider the maximal ideal 
pj = {Pi,X - ai, • • • ,X — a„) of Z[X]. Then pi,p2 G D{g). Finally let mi and m2 be 
prime ideals of R such that p(mi) = pi for i G {1, 2}. Then mi and m2 have the desired 
properties. □ 

We now show that a weak form of the Mordell-Weil theorem holds true over finitely 
generated extensions of fields like the field k e occuring in Lemma [^31 If £? is a semiabelian 
variety over a field fsT, then we define T{B) = HfeL Ti{B) and T{B)^p n<;eL\{p} Ti{B) 
(for p G L), where Ti{B) = \im B{K)[e'] is the Tate module of B for every ^ G L. If M 

is a compact topological Galx-module, then we define the module of coinvariants AfcaiA- 
of M to be the largest Hausdorff quotient of M on which GsAk acts trivially. 

Lemma 2.5 Let K be a finitely generated extension of Q. Let E/K be a Galois exten- 
sion. Assume that Gal{E / I'C) has finite exponent. Let B/E be a semiabelian variety. 
Then r(i?)Gai£; *s finite. 

Proof. Let E' / E be a finite extension over which the torus part of B splits. Then there 
exists a finite Galois extension L/K such that LE D E' , and Ga\-{LE/K) has finite 
exponent again. The group T(i3)GaiE is a quotient of T(i?)Gaii,E- Hence we may assume 
right from the beginning that B is an extension of an abelian variety A by a split torus 
E- Then there is an exact sequence of Gal£;-modules 

Ti^rnY ^ T{B) ^ T{A) ^ 

As the functor — Oaie is right exact, it is enough to prove that T(A)GaiE and r(Gm)GaiE 
are both finite. We may thus assume that either B is an abelian variety over E (case 1) 
or i? = Gm.E (case 2). We shall prove the finiteness of T{B)Qa\j^ in both cases. 

Choose a transcendence base X = [Xi, ■ • ■ , X„) of if/Q and let R be the integral closure 
of Z[X] in E. In case 1 there is a nonempty open subscheme U C Spec(i?) such that 
B extends to an abelian scheme B over U . In case 2 we define U — Spec(i?) and put 
B := Gm,u- Let m be a maximal ideal of R contained in U, define p = char(i?/m), and 
denote hy B — B Xjj Spec(/c(m)) the special fibre at m. Let n be a positive integer which 
is coprime to p. Then the restriction of B[n] to S :— U[l/n] is a finite etale group scheme 
over S and m G 5. Let mm- be a closed point of over m. Taking a projective limit 
over the cospecialization maps (cf. Section [1} B[n]{E) = B[n]{k{mnr)) , we obtain an 
isomorphism 

T{B)^p - T(B)^,, 

which induces a surjection T{B)^p^Qai^ — > T(i?)^p Gai^, where we have put F = fc(m). 
The field F is finite by Lemma and B is either an abelian variety over F (case 1) or the 
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multiplicative group scheme over F (case 2). In both cases it is known that r(_B)^p.Gaii- is 
finite (cf. [ini Theorem 1 (ter), p. 299]). This shows that T{B)^p^GaiE is finite, whenever 
there exists a maximal ideal m of i? contained in U with char(fc(m)) = p. Now it follows 
by part b) of Lemma 12.41 that there are two different prime numbers pi ^ p2 such that 
r(i?)^pj^GaiB and r(_B)^p2^Gai£; are finite, and the assertion follows from that. □ 

Let Kq be a field of characteristic zero and S/Kq a normal geometrically irreducible 
variety with function field K. There is a canonical epimorphism p : 7ri(S') — > Gali^^ (with 
kernel 7ri(S'^)) and, following Katz-Lang (|TUJ p. 285]), we define JC{S/Kq) to be the 
kernel of the map 7ri(S')ab Galxo.ab induced by p on the abelianizations. If we denote 
by i^5,nr,ab the maximal abelian extension of K which is unramifield along 5', then there 
is a diagram of fields 

-f^S.nr.ab K^Ks^m^ah 



i^O.ab i^O.abif KoK 



Ko K 

(cf. [lOl p. 286]) and the groups Gal{Ks,ni;i>,h/Ko^ahK) and Gal{KoKs,ni;a,h/KoK) are 
both isomorphic to IC{S/Kq). The main result in the paper flD] of Katz and Lang is: 
If Kq is finitely generated and S/Kq a smooth geometrically irreducible variety, then 
K.{S/Kq) is finite. On the other hand, if Kq is algebraically closed and S/ Kq is a smooth 
proper geometrically irreducible curve of genus g, then IC{S/Kq) = Z^^ is infinite, unless 
(7 = 0. In order to finish up the proof of Proposition 12 . 2 1 we have to prove the finiteness 
of ]C{S/Kq) in the case of certain algebraic extensions i^o/Q (like the field k^; in Lemma 
12. 3p which are not finitely generated but much smaller than Q. 

Lemma 2.6 Let K he a finitely generated extension of Q. Let E/K be a (possibly infi- 
nite) Galois extension. Assume that Gal{E / K) has finite exponent. Let C/E he a smooth 
proper geometrically irreducible curve and S the complement of a divisor D in C. Then 
K,{S/ E) is finite. 

Proof. There is a finite extension E' jE such that S has an i?'-rational point and D is E'- 
rational. There is a finite extension E" jE' which is Galois over K. Then Gal(£"'/ii') must 
have finite exponent (because Gal(i?/iir) and Gal(£"'/£^) do). Furthermore K.{Se" /E") 
surjects onto 1C{S/E) (cf. [lOj Lemma 1, p. 291]). Hence we may assume from the 
beginning that S has an i^-rational point and D is i5-rational. The generalized Jacobian 
J of C with respect to the modulus D is a semiabelian variety. (If S — C, then J is just 
the usual Jacobian variety of C.) Furthermore there is an isomorphism 

7ri(5'^)ab = T{J). 

On the other hand 7ri(S'^)ab,Gaii3 is isomorphic to IC{S/E) (cf. [lOl Lemma 1, p. 291]). 
Hence it is enough to prove that r(J)GaiE is finite. But this has already been done in 
Lemma 12.51 □ 
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Lemma 2.7 Let K be a finitely generated extension of Q. Let E/K be a (possibly infi- 
nite) Galois extension. Assume that Gal{E / K) has finite exponent. LetS/E be a normal 
geometrically irreducible variety. Then ]C{S/E) is finite. 

Proof. There is a finite extension L/E and a sequence of elementary fibrations in tlie 
sense of M. Artin (of. [21, Expose XI, 3.1-3.3]) 

Spec(i) = L/Q-^i Ui U2 ^ ^-^ Un C Sl 

where J7„ is a non-empty open subscheme of 5'^. Then dim(C/i) = i for all i. We 
may assume that L/K \s Galois and then Gal(L/if) is of finite exponent. Let Li be 
the function field of Ui. Then the generic fibre Si+i :— Ui+i Xij. Spec(_Li) of fi+i is a 
curve over Li which is the complement of a divisor in a smooth proper geometrically 
irreducible curve Ci+i/L;. The extension Li/L is finitely generated (of transcendence 
degree i). Hence L; = L{ui, ■ ■ ■ ,Us) for certain elements ui, ■ ■ ■ ,Us G Li. Let us define 
Ki :— K{ui, • • • , Us). Then there is a diagram of fields 

L, 



K E L 



Q 

such that the vertical extensions are all finitely generated and Li = KiL. The extension 
Li/Ki is Galois because L/K is Galois, and the restriction map Ga.\{Li / Ki) Ga\{L/K) 
is injective. Hence Gal{Li/ Ki) is a group of finite exponent and Ki is finitely generated. 

Lemma [2761 implies that JC{Si+i/ Li) is finite for every i G {0, • • • , n — 1}. By [TOj Lemma 
2] and [TUl (1.4)] it follows that K:{U„/L) is finite. Then [TUl Lemma 3] implies that 
K.{Sl/L) is finite, and [TUJ Lemma 1] shows that JC{S/E) is finite, as desired. □. 

Proof of Provosition W^ Let S'/Q be a normal variety with the function field K . Let E/K 
be a d- Jordan extension contained in the extension K s / K .TYiere is a d-flat extension 
L/K in E such that E/L is abelian. By Lemma [2.31 LI k,t.K is a finite extension. We 
have the following diagram of fields. 

Ke keK keL E Ks,nv 



kl klK L 

KK K 

Now S*^^-* is the normalization of the geometrically irreducible K^-variety 

Si-LK) ^ g Spec(KL) 
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in the finite extension L/klK. Hence S*'^-* is a geometrically irreducible variety over kl- 
(The crucial point is that S^^"^ is of finite type over k^.) The extension E/L is abelian 
and unramified along S^^\ Hence Gal{E / keL) is a quotient of )C{S^^y kl). The field kk 
is a number field and Gal(KL/K_R-) is a group of exponent d < oo, because it is a quotient 
ofGal{L/K) (cf. Remark Ell). Hence Lemma O implies that K{S^^y kl) is finite. It 
follows that E/keL is a finite extension. Now keL/keK is finite, because L/k^K is 
finite. It follows that E/keK is finite, as desired. □ 



3 Representations of the fundamental group 

We start this section with two remarks and a lemma about families of representations of 
certain profinite groups. Then we prove an independence criterion for families of repre- 
sentations of the etale fundamental group 7ri(S') of a normal Q- variety S (cf. Theorem 
13. 4p . This criterion is the technical heart of the paper. 

Remark 3.1 Let K be a field, Q/K a Galois extension and / C N. Let {Ti)ii^j be a 
family of profinite groups. For every i Cz L let pi : Gal{Q/K) Ti be a continuous 
homomorphism. Let Ki be the fixed field of \iev{pi) in fJ. Then the following conditions 
are equivalent. 

(i) The family {pi)iei *s independent. 

(a) The family (Ki)i^j of fields is linearly disjoint over K. 
(Hi) If s > 1 and ii < i2 < ■ ■ ■ < ig+i are elements of I , then 



Proof. As the homomorphisms pi induce isomorphisms Gal{Ki/ K) = m\{pi), (i) is satis- 
fied if and only if the natural map Gal(f2/i^) HiG/ Gdl{Ki/ K) is surjective, and this 
is in turn equivalent to (ii) (cf. [31 2.5.6]). It is well-known that (ii) is equivalent to (iii) 
(cf. [31 p. 36]). □ 



Remark 3.2 Let T be a profinite group and n e N. For every £ (zh let Ti be a profinite 
group and p£: T ~> Tg a continuous homomorphism. Assume that for every £ S L there 
is an integer n €N such that is isomorphic to a subquotient of GL„(Z£). 

a) Let V C T be an open subgroup. If the family {pe)ei=h is independent, then there is 
a finite subset / C L such that the family {pi)iizh^i is independent over V . 

b) The following conditions (i) and (ii) are equivalent. 

(i) The family (pi)i^i^ is almost independent. 

(ii) There exists a finite subset / C L such that {pe)ee'L^i is almost independent. 
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Proof. Let p: F — )> n^eL-*^^ homomorphism induced by the pe. To prove a) 

assume that p{T) = Yl^fzi^ Pe(r)- The subgroup p(T') is open in nfeL(°^(r)i because 
a surjective homomorphism of profinite groups is open (cf. Op. 5]). It fohows from 
the definition of the product topology that there is a finite subset / C L such that 
p{T') 3 n^e/il} ^ Y[e£L-~^i P^(^) ■ This imphes that (/9£)£gl\/ is independent over T' and 
finishes the proof of part a) . For part b) see [151 Lemme 3] . □ 

Let K he a field, rt G N and fl/K a fixed Galois extension. For every ^ G L let F^ be 
a profinite group and pi: Gal{Cl/K) — > F^ a continuous homomorphism. Assume that 
Ti is isomorphic to a subquotient of GL„(Z£) for every £ G L. Denote by Kg the fixed 
field in D, of the kernel of pi. Then Kg is a Galois extension of K and pi induces an 
isomorphism Gal{Ki/ K) = pi{Ga,l{fl/ K)). For every extension E/K contained in and 
every £ G L we define G^^e ■= pe{Gal{il/ E)) and Eg := EKi. Then Gi,e is isomorphic 
to a subquotient of GL„(Z^) and pg induces an isomorphism 

Gal(^,/^) ^ Ge^E- 

Furthermore we define to be the subgroup of Ge,E generated by its £-Sylow sub- 

groups. Then is normal in Gi^e- Finally we let E'^ be the fixed field of pJ^{G^ ^) n 
GaX{n/E). Then Ef is an intermediate field of Eg/E which is Galois over E, the group 
Ga\{Ee/E^) is isomorphic to G^^ and Gal{E'^ / E) is isomorphic to G^^e/G^ ^. 

Lemma 3.3 Let E/K be a Galois extension contained in K and let £ G L. 

a) The extension E^ /E is a finite Galois extension, and Gal{E'^ / E) is isomorphic to 
a subquotient of Ghn{Vi). 

b) If E/K is finite and [E : K] is not divisible by £, then G^ ^ = G^^ and EK/f = E^ . 

Proof. The profinite group Ge,E is a closed normal subgroup of G{^k and Gi,K is iso- 
morphic to a subquotient of GL„(Z£). Hence there is a closed subgroup Ui of GL„(Z£) 
and a closed normal subgroup Vi of Ug such that there is an isomorphism i : Gi^E 
Ug/Vg. Furthermore there is a closed normal subgroup of Ug containing Vg such that 
i{G~i j^) = /Vg. The group Ug/V^ is isomorphic to Gg^E/G'g^. Its order is coprime 
to £. The kernel of the restriction map r: GL„(Z£) GL„(F£) is a pio-£ group; hence 
the intersection of this kernel with Ug is contained in U/t . This shows that r induces an 
isomorphism Ug/Uft — > r{Ug)/r{U'^). Altogether we see that 

Ga\{E+/E) = Gg^E/G+E = Ug/U+ - r{Ug)/r(U+) 

and Part a) follows, because r{Ug)/r{U^) is obviously a subquotient of GL„(Ff). 

Every £-Sylow subgroup of Gg_E lies in an £-Sylow subgroup of Gg^K, hence G^^ C G^^. 
Assume from now on that [E : K] is finite and not divisible by £. Then every £-Sylow 
subgroup of Gg^K must map to the trivial group under the projection Gg^K — > Gg^x / Gg^E, 
because the order of the quotient group is coprime to £. Hence every ^-Sylow subgroup 
of Gg^K lies in Gg,E. This shows that G^^ = G^^. The Galois group G&\{Ei/ EK'^) is 
Gfj^ n Gg,E and the Galois group Ga\{Ei/ EK'^) is G^^. As G^^ = G^ ^ it follows that 
Ga\{Eg/EK+) = Gal{Eg/E+), hence EK+ ^ E+ . ' ' ' □ 
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Let 5" be a normal Q-variety with function field K. We shall now study families of 
representations of the fundamental group 7ri(S') (viewing 5 as a scheme equipped with 
the generic geometric point Spec (if) K). Recall that we may identify 7ri(S') with 
Gal(ifs,„r/i^). 

Theorem 3.4 Let S/Q be a normal variety with function field K . Let P^r G S'nr be a 
closed point. For every £ dl, let Ti he a profinite group and pi : ni(S) Ti a continuous 
homomorphism. We make two assumptions. 

a) Assume there is an integer n G N such that for every ^ € L the profinite group 
is isomorphic to a suhquotient o/GL„(Zf). 

b) Assume that there exists an open subgroup D' of the decomposition group D^s „/k{Ph-[) 
such that the family (pf)fg]L is independent over D' . 

Then the family {pi)i^i^ is almost independent. 

This theorem may seem surprising at the first glance, since D/f^ ^^//^ (Pnr) is usually 
far from being open in 7ri(S'). The proof of Theorem 13.41 occupies the rest of this sec- 
tion. From now on all the assumptions of Theorem 13.41 are in force, until the proof 
is finished. For every algebraic extension E/K contained in Ks.nr we define G^^e — 
Pi{Gal{Ks^nT/E)), G^E' ^'^'^ exactly as before. Furthermore we shall write Pe 
for the point in S*'^^ below Pm-- 

We tacitly assume in the sequal that Q denotes the algebraic closure of K inside K. 
Then already Ks^m contains Q, because the constant field extensions of K are unramified 
along S. The structure morphism S'nr Spec(Q) factors through Spec(Q), because S'nr 
is normal. It follows in particular that A;(Pnr) = Q- 

Lemma 3.5 There is a finite Galois extension E/K contained in Ks^nr and a finite 
subset / C L such that the following statements about E and I hold true: 

a) For all£ the extension E'^ / E is a constant field extension, that is: n^+E = 
Et. 

b) The point Pe is a KE-rational point of S^^\ 

c) The family {pi)ig^~^i is independent over D}^^ ^jE{Pni:)- 

Proof. Let L := JlfGL-^'/ composite field of all the K'^ . By Lemma 13.31 for 

each £ € L, the group Gd\{K'^ / K) is isomorphic to a subquotient of GL„(F^), and 
Gal(A''^//f)| is not divisible by £. By [TS] Theoreme 3'] (which is a generalization due to 
Serre of the classical theorem of Jordan) it follows that there is an integer d (independent 
of t) such that for every £ S L the group Gal(iir/ / K) has an abelian normal subgroup 
of index [G&\{Kj/K) : Ag] < d. Let K'^, be the fixed field of in K+ . Then K' 
is a d-fiat extension of K and K' K'^ / K' is abelian for every ^ e L. It follows that L / K 
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is a d-Jordanian extension. Furthermore L/K is contained in Ks^nr- By Proposition 
12.21 L is a finite extension of klK. Note that kl/Q niay well be an infinite extension. 
Hence there is an element uj £ L such that L — klK{uj). Let Ei be the Galois closure of 
K{ijj)/K in L. Then Ei/K is a finite Galois extension and k^Ei — L. Hence we have a 
diagram of fields 

klK L 

K El 

in which the vertical extensions are constant field extensions and in which the horizontal 
extensions are finite. Furthermore L contains for every £ G L. 

Now consider the canonical isomorphism 

r: DKs,^./K{Pn.) = Gal(fc(Pn,)/fc(-PK))- 

Let Ai be the fixed field of r{D') in k{P^^) — Q. Since D' is open in ^^/xiPnr), 
the field Ai is a finite extension of k{PK), so Ai is a finite extension of Q. Choose a 
finite Galois extension X/kk containing Ai and k(PE-^), and define E :~ XEi. Then 
giE) _ giEi) x^^^ Spec(A) and ke = A. There is the following diagram of number fields: 

Ai A ^=^= Ke k{PE) 



k{PK) k{PE,) 



Kk KEi 

The fibre of Pe^ under the projection S'^^^ — ?► S'^^^^ is Spec(K£; 0^^^ k{PE^)), and this 
fibre splits up into the coproduct of [k{PEi) ■ kbJ many copies of Spec(K£;) = Spec(A), 
because \/ke is Galois and A D k{PEi)- Thus all points in S'^-^^ over Pe^ are K£;-rational. 
In particular Pe is K^-rational. 

It follows that 

r{DKs,^^/EiPnr)) = Gal(A:(P„,)/A:(PB)) = Gsil{k{P^,)/ ke), 

and this group is an open subgroup of r{D') = Gal(fc(Pnr)/Ai) because ke is a finite 
extension of Ai. Hence Dj.^^ „/£;(Pni ) is an open subgroup of D' . 

As {pi)ei=h is independent over D' by one of our assumptions, it follows from part a) 
of Remark 13.21 that there is a finite subset /' C L such that the family {pi)i(ztl-^i' is 
independent over D^s ^jE{Pnr)- Finally K^E/E is a constant field extension, because 
K^E is an intermediate field of LE/E and LE — k^E is a constant field extension 
of E due to our construction. By Lemma 13.31 we see that = K^E for all ^ S L 
which do not divide the index [E : K]. Hence assertions a), b) and c) follow, if we put 
/:=/'U{^eL:^divides □ 
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Lemma 3.6 Let E and I be as in Lemma \3.5\ Let s > 1. Let < • • • < is+i he some 
elements o/L\/. Then Eg^ ■ ■ ■ Ei^ HEi^^^ is a regular extension of ke (i-e. the algebraic 
closure of Q in Eg-^ ■ ■ ■ Eg^ Cl Ei^^-^ is ke)- 

Proof. The canonical isomorphism 

r: DKs,,„/E{Pnr) = Gal(fc(P„,)/fc(-PB)) 
induces by restriction an isomorphism 

DKs.^./E,iPnr) = DKs^^JEiPnr) G(il{K s,nr / Eg) ^ G&\{k{P^,) / k{PE,)) 

for every ^ G L. Hence k{PEi) is the fixed field in k{Pni) of the kernel of pe o r^^. The 
family {pi)e<£h-^i is independent over D^^ ^^/E{Pni) by Lemma 13.51 Hence Remark 13.11 
shows that {k{PEi))eeiu-^i is linearly disjoint over k{PE)- Define F :— Eg^ ■ ■ ■ Ei^. There 
is a diagram of residue fields: 

kiPnr) 



k{PF) 




k{PE,J HPe,,) HPEe,) ■■■ HPeJ 




k{PE) 



We have k{PF) — k{PE,^ )■ ■ ■ k{PEtJ, because 

Gal{k{P^,)/k{PE,J---k{PEj) = r\t=iG{k{Pnr)/k{PE,.)) = 

= r{nUlP>Ks,„/E,SPnr))^ 

= r{DKs ,„/EiPnr) n nU G&\iKs,nr/EiJ) = 

= r{DKs .„/ij(-Pnr) n G&\(Ks.nrlF)) 

= riDKs„„/F{Pnr-)) = G(fc(F„.)/fc(^f ))• 

Furthermore there is a diagram 

HPf) HPe^.J 




HPpnE.^^J 



k{PE) 

and k{PF) n k{PE, ^) — k{PE) due to the fact that (A:(PE^))£gL\/ is linearly disjoint 
over k(PE)- It follows that k{PFnEe = ^{Pe)- Finally k{PE) = ke, because Pe is a 



13 



K^-rational point of 5''^-'. This shows that the normahzation of S'*^^' in F n iS^^^.^ has a 
K£-rational point and thus its function field F Cl Ei^^-^ must be regular over ke- O 

Let £ > 5 be a prime number. We denote by the set of isomorphism classes of groups 
which are either the cyclic group Z/£, or the quotient of H_{F) modulo its center, where 
F is a finite field of characteristic £ and is a connected smooth algebraic group over 
F which is geometrically simple and simply connected. These are the simple groups of 
Lie type in characteristic £. It is known (cf. [15l Theoreme 5]), that fl S^' = for all 
primes 5 < £ < i'. (As Serre points out in [TS], the proof of this theorem is essentially 
due to E. Artin [T]. It was completed in [12] •) In the following proof we shall strongly 
use this result. 

End of Proof of Theorem \3.4\ Let E and / be as in Lemma 13.51 In order to finish up the 
proof of Theorem 13.41 it suffices to prove the following 

Claim. There is a finite subset /' C L containing I, such that {Ei)i^i^^ii is linearly 
disjoint over E. 

In fact, once this claim is proven, it follows that (p^)^gL\/' is independent over Ga\{Ks,m/ E) 
by Remark 13.11 and Remark 13.21 implies that the whole family {pi)i!^i^ must be almost 
independent, as desired. 

In [151 Theoreme 4] Serre proves: There is a constant C such that for every prime number 
£ > C every finite simple subquotient of GLn{1i() of order divisible by £ lies in E^. This 
is a generalization of a well-known result of Nori (cf. [T31 Theorem B] ) . 

Let us define /' / U {2, 3} U {£ £ L : ^ < C}. For £ e L every non-trivial quotient 
of ^ has order divisible by £: In fact, if h : ^ — >■ Q is an epimorphism onto a 
non-trivial group Q, then the image of some ^-Sylow subgroup of Ge,i under h must be 
non-trivial. Hence, for every £ £h \ I' every finite simple quotient of ^ lies in . 

We shall now prove the Claim. Let s > 1 and £i < ■ ■ ■ < £s+i be elements of L \ /'. It 
suffices to show that E(-^ ■ ■ ■ Eg^ n Ei^^-^ = E, assuming by induction that the sequence 
{Ei-^, ■ ■ ■ ,Ei^) is already linearly disjoint over E. This assumption implies 

Gal(£;,, ■ ■■EejE) = G,,,ij x • • • x G,,,^ 

and Ga\{Ee, ■ ■ ■ EejE+ ■ ■ ■ E+) ^ Gj^j^x ■ ■ -x Gj^^. Suppose that Ei, ■ ■ ■ Ee^ nEe^^, ^ 
E. Then there would be an intermediate field L of that extension such that Q :— 
Gal{L/E) is a finite simple group. We would have the following diagram of fields: 

Ell ■ 

' E 

But L/ke is a regular extension (cf. Lemma 13. 6p . hence kl — ke- On the other hand 
E'^/E is a constant field extension for every i = I,-- - ,s + 1 (cf. Lemma l3.5p . It 
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follows that GdX{LE+^^J Ej^^^) = Q and Gal{LE+ ■ ■ ■ E+/E+ ■■■E+)'^Q. Hence Q is 
simultaneously a quotient group of G^^ ^ x ■ ■ • x ^ and of G^^^ ^. It follows that 

Q e (Sf, u---uE£jnE£^+,, 

which contradicts Artin's theorem that n S^/ = for all primes h < I < I' . □ 

4 Proof of the main theorem 

Proof of Theorem Let ii" be a finitely generated extension of Q. Let X/K be a 
separated scheme of finite type. Let T = (Ti, • • • ,Tr) be a transcendence base of K/Q 
and So be the normalization of Spec(Q[r]) in K. Then S'o is a normal Q-variety with 
function field K. The spreading-out principles in [5] (cf. in particular [5] [8.8.2], [5] [8. 10. 5], 
[5][8.9.4]), allow us to construct a dense open subscheme C S'o and a fiat separated 
morphism of finite type f : X ^ S with generic fibre X . 

We choose a closed point P E S and a closed point P^r G Snr over P and denote 
by P : Spec(fc(Pni.)) Snr — >■ S the corresponding geometric point of S. Note that 
k{Pni) is algebraically closed (cf. the second paragraph after Theorem 13. 4p . We define 
k := fc(Pnr)- Furthermore we denote by ^: Spec(ii') — > S the generic geometric point 
of S afforded by the choice of K. We let Xp := X Xs k{P), Xp = X Xs Spec(fc(P„)) 
and Xj — X Xs Spec(iir) be the corresponding fibres of X. Note that Xj = X^ and 
^p,k- 

Let g G N. From now on we shall consider two cases. For the first case we define 
p, := pi"],, Te ll^{Xj,Ze), Ve := W{Xj,Qe), Ti^P H9(Xp,Z,), y,,p := H«(Xp,Q,) 

and 5^ := Yl'' f^{'Li) for every G L. For the second case we define pi := p^f'x 
T, H9(Xj,Z,), Vi := H9(X^,(Q,), T,,p H9(Xp,Z,), T/,.p H9(Xp,Q,) and 
g'f :— Yi'if\{'Li) for every ^ G L. In both cases pi^p will stand for the representation 
of Gal(fc/fc(P)) on Vi^p. 

All residue characteristics of S are zero. Hence there is a dense open subscheme U C S 
such that for every € G L the Z^-sheaves R'^/,(Zf)|C/ and R'^f<XZi)\U are lisse and of 
formation compatible with any base change U' ^ U (cf. [51 Corollaire 2.6], [TTJ Theoreme 
3.1.2] and fTT, Theoreme 3.3.2]). Considering the cartesian diagrams 

Xp ^ k Xj ^ k 

f-\u) — f-\u) — 

we can for every £ G L identify the stalks of "Se by the following base change isomorphisms 

^i.p — "^i,P ^'^d g'^^^ = Ti. 

The fact that the Z^-sheaves ^i\U are lisse implies that for every £ G L the representation 
Pi factors through 7ri([/) and that there is a cospecialization isomorphism ^J^^ = i?^ p- 
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Putting these isomorphisms together and tensoring with we obtain a cospeciaUzation 
isomorphism spi : Vg = Vi^p for every ^ e L. In order to take the Tate twists into 
account let £i : G&\{K / K) — ^ be the cyclotomic character of G&\k and by e^.p : 
Gal(fc/A;(P)) the cyclotomic character of Gal(fc/fc(P)). Let d G Z and define 

pt{d) '■= Pi'Sisf'^ and pi p(d) := piiS)sfp. The cospecialization isomorphism spe fits into 
a commutative diagram 

Gal(i^5,„r/i^) AutQ,{V,) 



^Ks,nr/K{Pni) 



Gal(fc/fc(P)) AutQ,(F£,p) 

for every £ ^h. 

There is a constant & G N such that for every £ € L. the inequality dim(14) < b holds 
true (cf. [5J Corollaire 1.3]). Furthermore, if we donote the torsion part of the finitely 
generated Z^-module Ti by T^', then Ti/T^ injects into Vg and the representation pe{d) 
factors through Axiti,{Ti/T'f). Hence \m{pii{d)) (and also m\{pg,p{d))) is isomorphic to a 
closed subgroup of GLh(Z^) forevery^ S L. Hence the families (p^(c?))£gL and {pe,p{d))i^i^ 
of representations of Tri{U) satisfy assumption a) of Theorem 13.41 (and condition (B) of 

m p- 3]). 

Now note that Xp is a separated scheme of finite type over the number field k := k{P). 
For a place w of a number field we denote by Pu its residue characteristic. There is a finite 
extension k' /k and a finite set T of places of k' such that the following holds true: 

(1) For every place v of k' with v and every £ S L \ {pv\ the representation pe^p{d) 
is unramified at v. 

(2) For every u G T, every extension z; of ?; to A; and every ^ G L \ {Pv} the image of 
the inertia group ly under the representation pi.p{d) is a pro-^ group. 

This is shown for d = in [S^ Theoreme 4.3], and the case d ^ follows as well, because 
the cyclotomic character ee,p is unramified at every place v of k' with p„ ^ £. Because 
the family {pi^p{d))i^L satisfies the condition (B) of |15i p. 3] and conditions (1) and (2) 
and because A: is a number field, Serre's theorem [15l Theoreme 1] implies that the family 
(p^,p(d))^GL is almost independent. Now the above diagram shows that there is an open 
subgroup D' of fifs.nr (^un) such that the restricted family {pg{d)\D')i^i^ is independent, 
and our Theorem 13.41 implies that {pe{dj)i^L is almost independent as desired. □ 
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A Abelian varieties 



The aim of this appendix is to give a more elementary direct proof of CoroUarv ll.2l based 
on our independence criterion (cf. Theorem l3.4p and on the corresponding resuhs of Serre 
in the number field case. It avoids the use of etale cohomology. 

Proof of Corollary \1.SX Let if be a finitely generated field of characteristic zero. Let 
A/ K be an abelian variety. It is enough to show that the family (77f,yi)fGL defined in the 
introduction is almost independent. Then Remark 13.11 implies the assertion. There is a 
normal Q-variety S with function field K and an abelian scheme f : A ^ S with generic 
fibre A. 

Let Pnr be a closed point of S^r and P the point of S below Pnr- Then the residue field 
^(-Pnr) is an algebraic closure of the number field k{P). We define k := fc(Pnr)- Let 
Ap :— Ax-s Spec(fc(P)) be the special fibre of A at P. Then Ap is an abelian variety 
over the number field k{P). 

Let n be an integer. The group scheme A[r}] is finite and etale over S, because all residue 
characteristics of S are zero. Hence there is a finite extension E/K contained in Ks^nv 
such that A[n] Xs S'^^^ is a constant group scheme over S'^^K In fact one can take 
E — K{A[n]). This implies that both evaluation maps 

A[n]{S^^^) A[n]{E) and A[n]{S^^y) Ap[n]{k) 

are isomorphisms. In particular the action of GblIk on A[n] (K) factors through Ga^if^^nr/ K) 
(and in fact through Ga\{E / K)) . We obtain a composite isomorphism 

A[n]{K) = A[n]{S^^^) ^ Ap[n]{k). 

Taking limits, we obtain for each G L an isomorphism 

Ti{A) = Ti{Ap) 

and the action of Gal^c on Tg{A) factors through Ga\{Ks.ni/ K). This isomorphism fits 
into a commutative diagram 

Ga\iKs,nr/K) . Autz,(r,(A)) 



Gal(fc(P„,.)/fc(^)) Autz,(T,(Ap)) 

Recall that Ap is an abelian variety over the number field k{P). Hence Serre's theorem 
(cf. [ini Section 3]) implies that the family {r]e,Ap)eGh is almost independent. It follows 
that there is an open subgroup D' in D^s „r/K{Pnr) such that the family {r]i^A)eeL is 
independent over D'. Now, by our Theorem 13.41 the family (77£.a)^gl must be almost 
independent, as desired. □ 
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